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ON»TH“ MUTUAL POTENTIAL OF A SPHERE
ARD A BODY OF ROTATION

[Following is a translation of an-article
written by G. K. Duboshin in Vestnik Moskov-
skogo Universiteta -- Seriya Matematiki,
Mekhaniki, Astronomii, Fiziki, Khinmii, Ko L,
1659, pzges 55-60.1

In the pressnt paper a form of analysis of the mutual
retential of two bocdles, suitable for certain applications,
i:s found, having an arcvitrary spherical distribution of the
density of a sphere and of a body of rotation whose density
is any integrand of the distance to the axis of rotation
ard of the distance to any plane perpendicular to that
axis., The snalysis obtained can be used in various problens.
af celestial mechanics, for examvle in the problem of the
translational-rotational motion of an artificial earth satel-
lite or cosmic rocket,

we w11 consider a certain material body boundad by the
area formed by thne rotation of a horizontal line around an
axis lyire ia the plane of that line, Let the dimensions of
trhe body be determined by its "length" h and the largest cf
the radii R, '

jie will take the axis of rotation to be the axis of the
aprlicates of a rectangular system of coordinates whose origin
¢ in the zruitrary point G of a body lying on the axis of
rotation. Let (see Fig. 1)

-

Tt GGty Lh—h

and we write the ecuation for the meridian section of the
body in the form :
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where ! the gilven ifntegrand
of ¢ . ermined in the interval

Let the density of the body he
¢ \ ' a given integrand §{p", %) for
distance o to the axis of rotats
and the distance § to the basi
plﬁne. Let us imapine & circumfer
through an arbitrary
pody with its center
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car be accepted as an element of the
Fig. 1 mass of our body. Obvicusly the
total maes m is determined by the
for ﬁula
' ! R
mo 2= Q dv \ B, Uyeldds’ {1}
w !
, i - v

ace G 4s an arhitrary point of the body lying on the axis of
rotation, 4 and £. are any numbers whose sum equals the length
£ the body h, Ify ir particular, & is the center of inertis
¢ the body, then f£and £. will be fully determined. In Tact,
¢ we taks an origin of thE coordinates in the center of the
aweyr basze O, we will have, for exsmple
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rlace of formula {1}, can also be deternined
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If now in farmula (2) we go back to the system of coor-
dinates with its origin in the center of inertia of the bod

G we get the obvious equality:
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In the future we will consider point G an ar%itrary point
lying or the axis of rotation of the body (i de the body).

Now let P be any point of the axis of the applicates whi
is external as regards the body and at which the mass mo is
centered,

Or let tine point of the axis of the applicates P be the
nter of a asphere, homogeneous or possessing spherical dis-
ibution of dersities, whose mass eguals nm_ and whose radius

& less tian the distance of point P to the point of the vody
e?rest it. Such a sphere, as is known, attracts and is at-
tracted #5 o material point of mass L located at point P. Then

P - g2 4 (= UF

and the votential of an infinitely thin round ring with mass dm

j‘m,dm >xfm ?; (.JI rr} ,lfd"dr‘
PM

and the potential oi 'AP whole body on the same point F is
f
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Row in uccordance with the well-known theorem of classical
zory of the point potential [1] we cmta¢n the potential of

ody in all the external space (external in relution to
cloead gurface vontair ng our body within itself),
n ahsslutely cor.ergenfexpavsiano the potential ¥, (ﬁ)
teps c/g we replove {5 L py ¥ (cos ) x r %1, gere C

largast of the valusid {.>-£w and R; X, (cos <& )is
polynom and ~ is the n*‘” between "the radius-

ctor r of yoint P and the positive direction of the axis of
the arplicates.

Yo obtalr the necessary expansion of the potential U () we
- ¥ 4
will exeamirs the reverse distance g%der the integral sign in
the formula (4). Assuming r'? = p S+ 4 %, we can write
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Since \757'le’ at !—§¥ ‘( 1 we have an absolutely convergent

expansion

¥ >
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vith the help of which we will present the reverse direction in
the form ‘ '
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with the dimensionless coefficients of Mk determinable by the
formula
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where E ( % ) is an integfal part of the number X

5 and Aks which

ave the numerical coefficients:

2k — 2s)t
kst (k- sk — 250"

Aks SR 1)‘

We note that sequence (5) is known to be converging absolutely
if | ¢} is many times larger than C,

If we substitute now, in place of the reverse distance, its
expansion (%), we get the required expansion of the potential
U (&) in the torm:
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This expansion converges absoclutely if ‘Z’.>c. In fact,
from formula (6) and taking into consideration the properties of
the Legerdre polynom, we have for total k the inequality
\p(kl & 1, and therefore ’ ;

)
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7, G

: | .Y




which also proves our assertioun,

3y epplying row the chove~mentioned theorem of the theory
e potential of our body

of votential we get an expansicn of th
on any external poirt P im the form:
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s intercolate now instead of / the angle X= =~ , that
the angkt petween the direction going from point P (which

5y
an be in tlf center of the sphere possessing a spherical dis-

sitv) to point G, and the direction of the axis
the body, wrich is assumed to be the vositive
he axis of the applicates., Then
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will derend cnly on r and Y,

de wilil presenttthe final expression of the potential in

tne form:
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here the coefficients ere determined by the following reneral
ormula: '
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rent with cluasi
+ at any [vig 1

cal thecry the sequence (7) converges
ard at r » ¢, if, of course, it is a

a
sf poeint wvasc m centered on P.  3ince we ave interested
in a case of a sphere with its center at point P, seguence (7]
will mcsolutely converpe at |v| € 1 and at r ¢ + K_, where
. 09
RC is the r.oiius of the uphere.
Using formula (6) for the coefficients Ofﬂﬁﬂ we write the
firet coeffici of sequence (7). e have -
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wutual potentiazl of the sphere and the tody of rotation




We note here that if we take the center of inertia of the
body as point G the equality (3) is fulfilled apd it follows
that in this case Al = 0, - .

Let us now use C to design&te the moment of inertia of
the body relative to the axis of rotation, and A the moment
of ineriia relative to any axis passing through the center ‘ |
of inertia 3 perpendicular to the axis of rotatlon., Simple ‘
caloculaticn gives:
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from which it follows that

A—C :
Ap= " |

If, furthermore, the body possesses geometrical and
mechanical symmetry relative to the center of inertia G, that
is, if : f

RS lh R("‘ C) = R (t)' S(P'v - () == B(P" i’.),

tnen, as formulas {6) and (7) show, &ll the odd ceefficients
are egual to mero and the even are determined by the formulas:
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and in ti-is case the exvansion of the potential is presented
i the form:

Ur, v) =12 S A X () )

The constant ¢ in the formulas designates the greater of
the two values { » ¢, and R.

1f 4 »R we will for the sake of brevity call the body
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"elongated! or "lengthened", and will write the corresvonding
expansicn of the ypotettial, assiming ¢ = 4 in general, in
the form:

Ulr, vy = L0 S 4,0 £,

k=0

and for a body possessing symmetry relative to the center of
inertia, in the fox:

Ulr, vy =1nem E Ao 5

k=0
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But 1f~t<£'P, we will call the body "compact" or "flat', and
the correspownding expansion of the potential, on the as sumut:on
that ¢ = R, will be in the form

- £
Utr, ')“*"""“f”:w )& A, () B‘j‘
k=0

and, correspondingly, for a body possessing syrmetry relative
te the center of inertia, in trne foram

Ufr, v)::.—.M Z A“X,,,{v)—-:
. : ,:G

It stands to reason that in the formulas for the coefficients
of 4 1t is also necessary to assume ¢ = 1 for "lengthened"
nd ¢ = 0 for Ycompacty bodies, »
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2

The exvansions obtained for the mutual potential of th
sphere and bedy of rotstion do not, of course, depend on *be
sclecticn of a system of coordinates, which can therefore be
taken arbitrarily, and the choice of which is determined only
by the requirements znd convenience in the given proviem, For
the expansions which we have in mind it is convenient to take
a system of coordinates with invariable directions of the axes

and with a beginning either in the cernter of the sphere or in
ome other point in the space. :

Pausin; at the latter assumption we will designate by §
N, and § o the coordinates of the center of the sphere, and

g, h and {the coordinates of point G, ‘Then

v cosa = &
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where a a and _ are the directing cosines of the axis
13 723 33 -

of rotation of the body in the same system of coordinates., If
Y~ and & are tine ordinary angles of precession and nutation of
the body, then

Qyy-=sindsin®, @yp=—cosysind, ay==cosd.

In corzlusion we give the expansion of the potential in

two separate cases where the body is maximally lengthened and

where it is maximally flat,

To iilustrate the first case we give the expansion of the
potentisl of a homogeneous straight-line segment with a length
of 2 and mass m. This expansion, for a case where the point
G is the middle of the segment, has the form [2]; ‘
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To illustrate the second case we give the expansion of
the poizatial of a material, homogeneous, flat circular disc
of radius R and mass m. This expansion, for a case where
the point G is the center of the disc, is written in the form:

U Imm N (@ — I Ky () R4
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